STAT 821 HOMEWORK 5 SOLUTION

Question 1  (Problem 1.3)

(a) P(X=1i)>0, Vi=-1,0,1,2,3

Y P(X=i)=2pq+ ¢ +pi’ +p’q+p’=(p+q)’=1
1=—1

Let
1/2 k=-1
0o = 1 k=23
0 o.W.
Then
E(So) = 22 *q+p° =
(d0) = 52pa +p"q+p° =p
Unbiased!
Let

EU(z) =0 = 2U(=1)pq+U0)+¢?pU (1) + qp*U(2) +p°U(3) = 0

= 2U(-1)p—2U(-1)p* + U(0) — 3pU(0) + 3U(0)p* — p*U(0)
pU(1) = 2p°U(1) + p°U(1) + p°U(2) — p°U(2) + p°U(3) = 0

1
Var(sp+U) = (5+a—p)22pq+p2q3+(2a+p)2pq2+(1—2a—p)2p2q+(1—p)2p3

2p—1

0
7VG/I"(60—|—U):O = ap = 5

da?
At Do, UO = (a'07 07 _20'07 _20'07 0)

2

0
@Var(&) + Up) = 12ppqo > 0



Thus the LMVUE at pq is

Py+1

B g
0 k=0
2p—1

e ol
> =2
1 k=3

There’s no UMVUE since U is a function of p.

(b) Let
1/2 k=-1
5y { /
0 o.w.
Then
Eé1 = pq

1
Var(6,+U) = (5+a—pq)22pq+(pq)2q3+(2q+pQ)2q2p+(2a+pq)2qp2+(pq)2p3

0 1
%Var(csl +U) =2pq(1 +2a —2pq) +4(2a + pq)pg =0 = a = 5

2

0
@Var(él +U) =12pg >0

Thus the UMVUE and LMVUE at any p is

1/3 z=-1
0 z=0
1/3 z=1
1/3 z=2
0 =3

Question 2 (Problem 1.13)



Since 81,02 in A, then E(67) < oo, E(62) < oo.

E(a151 + a2(52)2 = G%E(ﬁ + GQE(S% + 2a1a2E(61(52)
E((5152) < \/Eé%E(S% < 00

E(a151 + a252)2 < 00 a101 + agds € A

Thus

01,62 are UMVUE for ¢1(0) and g¢2(0).

Cov(61,U) = Cov(d2,U) =0

where
u € U = {unbiased estimator for 0} N A

Cov(a161 + az02,U) = a1Cov(61,U) + azCov(d2,U) =0

Thus a101 + azdy is UMVUE for a1g91(0) + azg2(0).

Question 3 (Problem 1.22)
(a)

E(6") = E[BE(0"|X)]
= B0 E(Y0) + Ie1)E(Y1))]
= El(mzl)

= D

Thus §* is unbiased.
(b)

BElL(p,X)]=1-P{X —p|>1/4} =P{X =0or X =1} =1



since (0 —p) € (—=3/4,—1/4), (1 —p) € (1/4,3/4).
BlLp.0) = 1-P{5 —pl 2 )
= aP{Yo—pl = [ 4PV -5l > )

—1/44p 3/2
= q/ 1du+p/ ldu
-1/2 1/4+4p

1 3
= 2p- P+ <

3
2 1

Thus R(6*,p) < R(X,p).

Question 4 (Problem 2.12)

(a) Suppose X1,...,X,, and Y7,...,Y,, are independent.

Xi ~ N(é-a 02) Y’Z ~ N(naTQ)

2

(o
n=¢ =9 o'=17
FX, Y0, 7%)
_ 1 exp | 2TtV (Cait v Syan (m + yn)y?
(2) 3" ym/2pmtn 2972 72 272

This belongs to full rank exponential family and hence T” is complete

sufficient.

(b)
ESy=aBEX+(1-a)EY)=aé+(1—an=¢

Thus 0, is unbiased for £ and is a function of 7".

- - 1
y=aX+(1-a)Y = erm(ZxﬁfyZY;)

Thus ¢, is UMVUE of &.

Question 5 (Problem 2.19)



If b =1, we can write 2.22 as exp{—>_(#i — a) }(q,00)(z ()

e~(w=a) 4> g

1 u<a

P(Xl Z u) = {
X(1) is sufficient for a and has pdf

flzay) =ne "0, (z 1))

Elg(X1))] =0 = g(x@y)e "Wdxy =0

a

d > —nx —na
o | st dng = ~glae =0 > (o) =0 ac.

Thus X(;) is complete for a.
E[I(X1 > w)] = Iuca) + € " (ysa)

Then the UMVUE is E(I(X > u)|X(;)). Now we need to find the
conditional distribution of X;|X ().

1
P(X1 =Xyl Xq)) = -

For X # Xy,

P(X1 =2, X = 21)
P(X(l) = 961)

nf(xm)f(2)[l — Fzq))]"?

ne—n(x(l)—a)
— e (E—z)

P(Xl = x\X(l)) =

And

n—1

P(X1 # x| X)) = 2q)) = -

Thus

us X

1
BE(I(X1 > u)| X)) = P(z1 > ulXq)) =4q =) > X,
e 1

is the UMVUE of P(X; > u).

P(X =u) = E[l(x=y)] = e Y foru>a

5



Then I(x—,) is unbiased estimator of e~ (u=a), E(Ix=u)lX(1)) is the

UMVUE.
0 u= =)
E(Ix=uw|X1)) = P(X =u|Xq)) = ¢ =Lemmrm) g > g
0 u < (1)

Thus the UMVUE of e~ (4=a) ig

1 n—1
- D (X))
nI(u=X(1)) T ¢ W1

(u>X(1))

Question 6 (Problem 2.25)

is complete sufficient for 0

X(m) — max Xz

Y(n) = maxY; is complete sufficient for o
BlXp] = "6 = "Ly, is UMVUE for 0

m+1 m
_ n n—1, ,
E[1/Yy)] = 1) = Yo is UMVUE for 1/6
Thus

(m+ DXy (=11 _ o [(m+ VX)) o [(n=1)] _ 0

m nY(n) N m nY(n) Nz

1 —-1)X
(m +1)(n ) (m) is unbaised
mnY(n)

Next, we prove it is UMVUE. Let

+1)X,,, 1
(m 4 1) Xm) 0 (n—1) U € U = {unbiased estimator of zero}

BT T Y



COU(51(52,U) = E(5162U) ((5152)E<U)
(61620)

I
&=

= E[E(610:U161)]

= E[61E(52U]01)]

= E[0E(52)E(U|01)] (since d2 and 07 are independent)
= E[06LE(5)EU)] (since U and 0, are independent)

I
o

Therefore,

is UMVUE
mnY(n)




